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POINT ESTIMATION FOR EXPONENTIAL FAMILY MODELS

Exponential family distribution:

1 T
P(x16) = g7 (x) exe(687 $(x))
d(X) = [p1(X), ..., Pop(X)] : (feature) vector of sufficient statistics
0 =1[0,...,0p]: vector of natural parameters
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POINT ESTIMATION FOR EXPONENTIAL FAMILY MODELS

Exponential family distribution:

1 T
P(x16) = g7 (x) exe(687 $(x))
d(X) = [p1(X), ..., Pop(X)] : (feature) vector of sufficient statistics
0 =1[0,...,0p]: vector of natural parameters

Maximum likelihood estimation is Moment matching.
Given data X = {x1,...,xy}, set @ so that:

N
%Z o(X) = Eg[(x)] := . (Moment parameters)
=

Clean, analytic solution.
Often mapping from moment to natural parameters is easy.
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POINT EST. FOR EXP. FAM. MODELS W. MISSING DATA

Joint probability:

p(x.y|8) = ﬁh(x, y)exp(67 B(x.))
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POINT EST. FOR EXP. FAM. MODELS W. MISSING DATA

Joint probability:

p(x.¥10) = Z(L)h(x, y)exp(87 B(x,))

Given data X = {x1,..., Xy}, we want Ou:

p(x(0) = /y Z(L)h(x,y) exp(87 S(x, Y))dy
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POINT EST. FOR EXP. FAM. MODELS W. MISSING DATA

Joint probability:

p(x.¥10) = Z(L)h(x, y)exp(87 B(x,))

Given data X = {x1,..., Xy}, we want Ou:

p(x(0) = /y de)h(xjy) exp(87 S(x, Y))dy

This marginal probability is NOT exp. family. Need iterative
algorithms.
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POINT EST. FOR EXP. FAM. MODELS W. MISSING DATA

If we knew Y, match moments to

1 N
NZ¢(Xi7yi)
=1
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POINT EST. FOR EXP. FAM. MODELS W. MISSING DATA

If we knew Y, match moments to

N
.
m > o0, 1)
=1
EM algorithm:

- Initialize with arbitrary 6.
- Repeat for i = 1 till convergence:
- Calculate g(Y) = P(Y|X, 6;)
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POINT EST. FOR EXP. FAM. MODELS W. MISSING DATA

If we knew Y, match moments to

N
.
m > o0, 1)
=1
EM algorithm:

- Initialize with arbitrary 6.
- Repeat for i = 1 till convergence:
- Calculate g(Y) = P(Y|X, 6))
- Calculate ;1 by matching moments to

%ZE(}M’(X:"V:’)]

If matching moments for the first equation is easy, so is for the
second.
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HMMS AND EXP-FAM DISTRIBUTIONS

Consider an N-state Markov chain: Xq ~ o, p(Xe1|Xt) = A.
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HMMS AND EXP-FAM DISTRIBUTIONS

Consider an N-state Markov chain: Xy ~ 7, p(Xe1|Xt) = A

More precisely:

N
p(Xi) = HT[' 0= = exp(Y 60X = i) log ;)

i=1

S(Xe=1)8(Xep1=
p(Xest|Xe) = HHAU t=1)0(Xe1=))
i=1j=1

N N

=exp(> Y 6(Xe =i, Xer1 = j) log Aj)

i=1 j=1
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HMMS AND EXP-FAM DISTRIBUTIONS

Consider an N-state Markov chain: Xy ~ o, p(Xe1|Xt) = A.

.
P(Xz,... . X7X1) = HP(Xt+1 |Xt)
t=1
NONT

= exp(zzz5(xt =1, Xey1 = J) log Ajj)

i=1 j=1 t=1

ok



HMMS AND EXP-FAM DISTRIBUTIONS

Consider an N-state Markov chain: Xy ~ o, p(Xe1|Xt) = A.

.
POG, - XrXa) = [ [ p(XealXe)

N T

N
= exp(zzz5(xt =1, Xey1 = J) log Ajj)

i=1 j—1 t=1

= exp ZZC’—H ) log Aj)

=1 j=1

ok



HMMS AND EXP-FAM DISTRIBUTIONS

N

p(YelXe) = ] (Poiss(¥eA)** =" =T

i=1 i=1

I

A exp(—A;)

Yil

) 50%=i)
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HMMS AND EXP-FAM DISTRIBUTIONS

p(YelXe) = ] (Poiss(¥eA)** =" =T -
i=1 i=1 '
N
oc exp(Y_ (00X = )Ye) log A — 8(X = )A)
=1

60



HMMS AND EXP-FAM DISTRIBUTIONS

N Ny
; — Afexp(—A;
p(YelXt) = H (Poiss(Ye|A))2*=) = H <,thl)
=1 e .
N
oc exp(D _(6(X = i)Ye) log A\ — (X = i)\)
=1
NOT

p(VIX) o exp( " S (8(X = i)Ye) log A — 6(Xc = i)A)

=1 t=1
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HMMS AND EXP-FAM DISTRIBUTIONS

p(YelXe) = ] (Poiss(¥eA)** =" =T
=1 =1
N
X exp(Z(5(Xt = i)Yt) log Aj — 5(Xt = i))‘i)
?1 .
p(YIX) oc exp(S ST (00% = YY) log A — 6(X; = 1))
=1 t=1
N
o exp(d_ Milog A — Ci\)
=1

N e em(-Ao)M—")

Yil

( M; = GV, where M; is total value of Y when in state i, C; =

#-times in state i, V; = avg value of Y when in state i)
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HMMS AND THE EM ALGORITHM

T T

CG=Y 6(c=1), Cij= (X =1iXuw =]
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HMMS AND THE EM ALGORITHM

T T

G=> 06Xe=1), Coj=> 6(X=iXgr=])
t=1 t=1
.

Bi=06(X=1), M= (5(X=iV),

t=1
For an HMM, we don’t observe X. Use EM instead:
- Given current parameters 0, calculate q(X) = p(X|Y, )
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HMMS AND THE EM ALGORITHM

T T

G=> 06Xe=1), Coj=> 6(X=iXgr=])
=1 =1
T

Bi=06(X=1), M= (5(X=iV),

t=1
For an HMM, we don’t observe X. Use EM instead:
- Given current parameters 0, calculate q(X) = p(X|Y, )
- Calculate expected sufficient statistics under g:

T T
Eq[Gl = p(Xe=ilY,0), Eq[Ciyl=> p(Xe=1Xey1=]|Y,6)
t=1 t=1

:

Eq[B] = p(X = ilY,8),  Eq[M] =) (p(X: =ilY,0)Y)
=1

7



HMMS AND THE EM ALGORITHM

T T

G=> 06Xe=1), Coj=> 6(X=iXgr=])
t=1 t=1
T
Bi=06(X=1), M= (5(X=iV),
t=1
For an HMM, we don’t observe X. Use EM instead:
- Given current parameters 0, calculate q(X) = p(X|Y, )
- Calculate expected sufficient statistics under g:

T T
Eq[Gl = p(Xe=ilY,0), Eq[Ciyl=> p(Xe=1Xey1=]|Y,6)
t=1 t=1
T
Eq[B]=p(X = ilv,0),  EqM]=) (p(X=ilY,0)Y:)
t=1
- Match moments using expected suff. stats.

Run Baum-Welch each E-step.
7/



EM ALGORITHM FOR MIXTURE OF BERNOULLI VECTORS

Probability of a D-dim binary vector X; under puy:

D
Hrd Hkd
p(Xilpr) = | | exp(d(Xjg = 1) log log = Ny
O6lue) = T w65 = Dlog 7222) (g 250 = )
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EM ALGORITHM FOR MIXTURE OF BERNOULLI VECTORS

Probability of a D-dim binary vector X; under puy:

D

pXilie) = T exp(6(xia = 1) log =H9—)  (log =2 := 1y,y)
3 ~ Hkd d

K D
p(%i,ci18) o< TT TT rep(61e)) ="

k=1d=1
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EM ALGORITHM FOR MIXTURE OF BERNOULLI VECTORS

Probability of a D-dim binary vector X; under puy:

D

pXilie) = T exp(6(xia = 1) log =H9—)  (log =2 := 1y,y)
de1 — Hkd d

X17C1|0 OCHH WkPX’Nk =k)
k=1d=1

K

K D
log p(X;, ¢i[8) =Y 8(c; = k) log(m) + > > 6(ci = R)3(Xig = 1)rg + C
k=1 k=1 d=1



EM ALGORITHM FOR MIXTURE OF BERNOULLI VECTORS

Probability of a D-dim binary vector X; under puy:

D
pXilie) = T exp(6(xia = 1) log =H9—)  (log =2 := 1y,y)

i — [kd 1 — ppg
XHCI’g OCHH WkPX’Nk =k)
k=1d=1
K K D
IngX:aCIw Z(SCI_’? |Og(7rk —l—ZZ(SC,—/? X/d—1)77kd+c
k=1 k=1 d=1

Given N observations, MLE is moment matching:

N N
1 5 v 5(ci = R)S(xig = 1)
— (5 C: = I? , P =1 I |
N = (6= >IL, 6(ci = k)
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EM ALGORITHM FOR MIXTURE OF BERNOULLI VECTORS

We don't know ¢;'s, but can calculate posterior p(C|X, 8). EM
algorithm
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EM ALGORITHM FOR MIXTURE OF BERNOULLI VECTORS

We don't know ¢;'s, but can calculate posterior p(C|X, 8). EM
algorithm

- Set g(C) = p(C|X, 0) and define

Fx(q,0) = Eq[log p(X, C|6]

Note: C(@) depends on 6, and must be included to get a
nondecreasing lower-bound.
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EM ALGORITHM FOR MIXTURE OF BERNOULLI VECTORS
We don't know ¢;'s, but can calculate posterior p(C|X, 8). EM
algorithm
- Set g(C) = p(C|X, 0) and define

Fx(q,0) = Eq[log p(X, C|6]

Note: C(@) depends on 6, and must be included to get a
nondecreasing lower-bound.
- M-step:

1< Mgl = RYS(xig = 1)
=N i = k 5 ik — =
T

9%



